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Abstract

The supplementary material is structured as follows. Appendix A recapitulates the definitions of the generalized tensor k-
unfolding and the generalized tensor k-contraction and further presents the detailed proofs for the algebraic properties of the
generalized tensor k-contraction. Appendix B supplements the additional analysis of the tensor-form TW decomposition and gives
the proofs of Theorems 1-4 in the main text. Appendix C explores a corollary of the core-connected invariance theorem and
completes the theoretical proof of Proposition 1 in the main text. Appendix D introduces the main preliminaries regarding the
truncated SVD and establishes the approximation error bound of the TW-SVD algorithm. Appendix E formats the proof of the
local convergence theorem and provides the proofs of Lemmas 1-4 in the main text. Finally, Appendix F verifies the numerical
convergence of the proposed PAM-based Algorithm 3 in the main text.
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APPENDIX A
ALGEBRAIC PROPERTIES OF GENERALIZED TENSOR k-CONTRACTION

The generalized k-contraction between two proper tensors performs the multi-linear product, which essentially generalizes
the traditional matrix product. Therefore, the algebraic properties of the generalized tensor k-contraction are studied by analogy
with those of matrix product. To facilitate the presentation, Definitions 2-3 of the main text are first replicated in Appendix
A-A.

A. Formulations of Definitions 2-3 in the main text

Definition A.1 (Generalized Tensor k-Unfolding). Let n = (ny,ns, -+ ,ny) be a reordering of vector (1,2,--- ,N), then

for an Nth-order tensor X € RV 12X XIN " the eeneralized k-unfolding (0 < k < N, k € Z) of X is defined as a matrix
k N

Xinsk) € RITi= i Xl I yppich requires

X[n;k](inling "'inkaink+1 : 'LnN) =" (inlainzv e 7inN) ) (D

where X" is the n-based tensor permutation of X, and the multi-indices iy, in, *+*in, and in,  in,,," " iny are defined by
1+ Zf 1lin, — 1) 1—[;711 I,; and 1 + Ziv pt1 (fn; — 1) H;7i+1 I, respectively. When k is 0 and N, X[p,0) € R Iy
and Xp;N) € RITL, In; x1 imply two generalized vectorizations. Conversely, the inverse operator of the k-unfolding yields
X = Fold,.x) (X[n k]) or X = Fold,.x) (X[,, )for k=0,N.

Definition A.2 (Generalized Tensor k-Contraction). Given an Mth-order tensor X € RIt*12%XIn qnd an Nth-order tensor

Y € RIXI2xXIN with k common modes (1 < k < MAN, k € 7). Assume that two vectorsm = (my, ma, -+ ,my;) andn =
(n1,na, - ,ny) respectively indicate the reordering of vectors (1,2,--+ M) and (1,2,--- | N), satisfying I, = Jy, for i =
1,2, 0k mpyp1 < Mpya < - <mypy and ngy1 < ngya < -+ < ny. Then the generalized k-contraction between X and

Y along the k modes specifies an (M + N — 2k)th-order tensor X x50 s Y @ RImeer X mag X npy XX Inn opich s
given as follows,
X e ) — Fold (14N —2k)M —k] (Ko Yinsk]) 2

where X k) and Y 1) are the m-based and n-based k-unfoldings of tensors X and ), respectively. When k = M A N, the
lowercase symbols, i.e., Xm;r) and yn.x), can be apily adopted.

B. Proof of Property 1

Property A.1. Let X xnm11$2 ™ Y be the k-contracted tensor in Definition A.2, then the (im, .\ s yimas Jngsas > Jnn )"
th element of X Xy, na2 . ie® y can be computed by
Im, I, I,
(X Xml,f;?’"ﬁz% y)(lmk+17 e »iMMvjnk+1v"' ajnN) = Z Z Z 3)
tmy =Jng =1 lmy=Jny=1 iy =Jny, =1
(X(Z.17i2a T 7i1\/f)y(.j17j27 e 7.]N))
Proof. According to the above Definition A.2, we firstly have
X Y = Fold s+ -2ty k) (Xt Yinik)) @
which is equivalent to
. T
(X X a2 ™ MmN —2k); M —k) = Xy Y k] S)
Following the above Definition A.1, the (zmk+1 g Jnggas o0 Jny )-th element of the tensor X' > 02 ), which
is of size Iy, X <+ X Iy, X Ipyyy X o0 X Jpy, satisfies
(X X;Tf” .,ézk )(inLkJrla"' aZmMa.]nk+1a"' 7jTLN) (X Xm? Jzzk )[(1:M+N—2k);]\/[—k](imk+1 "'iwLMmjnkJrl .]TLN)
Hf 1 I”Lz
Z X [m;k] ka+1 : ZmM’ )Y[n;k] (T7 jnk+1 o ]ﬂN)
k
Z X (m; k] T, ka+1 : ZmM)Y[n;lc] (rv jnk+1 " ’jnN)a
(6)

where iy, ., = *imy, a0d Jp,,, - -+ Jny are defined by 1+Zf\ik+1(imi -1) H;;}Hl I,,; and 1+Z£\;k+1(jni -1) H;;}CH Tnjs
respectively. From Definition A.1 again, we can get

X[m;k] (im1 e imk?i"nk+1 e Z.mM) = Xm(imuimzv T 5imk7imk+l T aimmf)v (7N



and
Y ) (s G Jrness ) = V" Umas Gnas === s Jics s+ + o) ®)
where @, « -+ i, and jn, - - jn, are defined by 1+ Zle(imi -1) H;;ll Ipp; and 1+ Zle(jni -1 H;ll Jn;» respectively.
Since Ip,, = Jp,, ¢ =1,2,---  k, the equality %y, - - %m, = Jn, - Jn, geNErates
tm; = Jny, 0=1,2,--+ k. )
Let r; = im, = jn;, ¢ =1,2,---, k, we accordingly deduce

(X Xffll, g,jk y)(zmk+17. o lmags Jnggas 7jnN) = Z Xm k] (r, g ZmM)Y[n k](r Jnngs " ]nN)

7n2

= E E E ( T'1,7“2,~~~,Tk,lkarl,"',ZmM)

L T2

. (10)
F(ristss s i)
Iiny Iy Iy,
iml=zj;1=1 imz§2=1 imk§k=1
(X (irsiz, - in) Y (1, d2, w2 JN)),
where vectors m and n are pre-defined before contraction. The proof is completed. O

C. Proof of Property 2
Property A.2. Given an Mth-order tensor X € RIv<I2XXIn gnd an Nth-order tensor ) € R *J2XXIN with k common

modes (1 <k < M AN, k € Z). Assume that two vectors m = (my,ma,--- ,mp) and n = (ny,ng,- -+ ,ny) respectively
indicate the reordering of vectors (1,2,--- ;M) and (1,2,--- , N), satisfying L,,, = Jp, fori=1,2,-- |k, mpp1 < mgqa <

- <myr and npyy < Nggo < -+ < ny. Then the computation of the generalized k-contraction imposes
Xk Y = (Vi XY, (1

wherev=(N—-k+1: M+ N -2k 1: N —k).

Proof. Following the proof of Property A.1, the (im, ., »émars Jnpsrs 5 Jny )-th element of the tensor X' x7% 0200 7Y €
REmegn XX may X Tnge XXy i computed by

(X X:ZI, ,77;% y)(ZHLkJrla"' aimMajnk+1a"' 7jnN) (X Xml JZZ y) (1:M+N—-2k); M — k](zmk+1 "'iWLMmjnkJrl"'jnN)

Z X [m;k] ka+1 : ZmM’ )Y[n;k] (T7 jnk+1 o ]ﬂN)
b

Z X (m; k] T, ka+1 : ZmM)Y[n;lc] (rv jnk+1 " ’jnN)a

12)

- - . . M ) j— N . i
where iy, - imy, A Jny - Jny are defined by 14377, 0 (i, —1) H;:}Hl Ty and 1437500 (Gn, —1) H;:}CH In,»
respectively. Similarly, the generalized tensor k-contraction also provides

Y X i X = Fold|(n4 N—2k):N—k] (Y[;;k}X[m;k]) = (Y X (M N—2k);N k] = Y[—yl;;k]X[m;k]~ (13)



. . . . T o,
Therefore, the (Jn,,,s " s Jnn»imesas - »ima )-th element of the tensor Y x iy vk X € RYmwwn X nyy Xy 2oy
satisfies
e n ; e g cee d - e T ’ i 3
(y X, my X)(]nk+17 yInnoy tmpggrs 77’mM) = (y Xml, S M X)[(l‘M+N72k)‘N7k] (]nk+1 Inn s Ympga ZmM)

Z Y[n j”k+1 : ]anr)X[m;k] (T’ imk+1 T imM)

?:1 Imi
= > Yk (P dnrs o) Xmik) (7 T i)
o,
= > Kk (P T bmad) Yk (7 T e )-
! (14)
From formulas (12) and (14), we numerically have
(X X::Lll,’ ,{Zk )(i7rlk+1 s by Tnggas Tt yJny) = (Y X?J{,'Ii.‘%k X)(jnk+17 oy In b s )- (15)

Based on Definition 1 (i.e., tensor permutation) of the main text, when vectorv= (N —k+1: M+ N —2k,1: N — k), the
above formula (15) directly indicates

X x MM, — (y P2, T va. (16)

n1,n2,- nk mi,maz, -, Mk

The proof is completed. O

D. Proof of Property 3

Property A.3. Given an Mth-order tensor X € RItv<I2X-XIn - qn Nth-order tensor ) € RIVXT2XXIN “and an Hth-order
tensor Z € RInxLaxXLu where X and Y, Y and Z, and X and Z have ki, ko, and ks (2 < k1 +ks < M, 2 < k1 + ko <
N, 2 < ko + ks < H, ki, ko, ks € NT) common modes, respectively. Assume that three vectors m = (my,ma, -+ ,mur),
n=(ny,ng, - ,ny), and h = (hy, ho,- -+, hy) respectively indicate the reordering of vectors (1,2,--- , M), (1,2,--- ,N),
and (1,2,--- , H), such that I,, = Jp, for i =1,2,--- ki, Jn, ,, = L, ., fori=1,2,-- k‘g, myypi = Ln; for i =
L2, kg, My ka1 < My kv <000 < MM, Ny ko1 < Ny ykp 2 < o 00 < 1N, and hk2+k3+1 < g g2 <o <
hr. When the contracted modes are fully and properly specified, the successively contracted tensors with different precedences
are equivalent as follows,

ML,M2, 0 My My +15° " Mk +kg Nky+15""" sMky +ko _ M1, My Icg,,M—k1+1,-~»,M—k1+k2
X 1,2, ,k1,N—ko+1,--- ,N—ko+k3 (yxhk3+1v“»hk3+k2 Z)_(X 1,2, My y) h17h2, hkg Rkg 415 s Rkg ko 2. (7)

Proof. Relying upon Definition A.2, we can get that both the tensor

mi,e My 1,2, kg, M—ki+1,- ,\M—ki+ks
(X L2 R y) Xhl;h27"‘7hk3ahk3+17“'7hk3+k2 z (18)

and the tensor

Ma,m2 Mgy ;Mg 41, Mk +kg Nky+15""MNky+ko
X 2. ,k1,N—ko+1,--- ,N—ko+k3 (y kg1 sPkgtko Z) (19)
are of size Ly, oy X oo X Iy X Jny o yy Xooo Xy X Ly 0y X -+ X L, From Property A.1, we further have
M, My kg M —k141, M —ki+ks . . )
((X Xnp,e ng, y) hl’h21 : ,hk37hk3+1» o Pkg kg 2 ( Yy phg 10 o mar Ingy kg1 ’J”N’lhk2+k3+1’.” ’th)
Ly, Lp, Ly sy
_ E § 2 : My, My . . ~h
= ((X Xy, Mk y)(rla oy bmagag s Tha+1y 000 7]nN)Z (T17T27 o Thotkss lhk2+k3+17 T 7th))
7"1=1 T‘2=1 Tk2+k3=1
Lhy Ln, hk2+k3 Imkl
_ _'m . .
- E E o E E E (X (’rk2+k3+17"' s Ty 4+kotksyT1, " 771k377fm;€1+k3+17"' 7ZmM)
=1rz=1 Tho+kg=1Tky+kg+1=1 Th+ko+ky =1
“n . .
YV (Thathat 1y s Thnthathas Tha+ 17 s Thathas Jey bgens ™ > Iy
~h
Z (7"177"27 tee 7rk‘2+l€37 lhk2+k3+17 e 7th)

(20)



Similarly, we also have

(X o T2 My Ty 1 STk kg

Nky+15"" Mk +ko . . . .
1,2 ,k1,N—ko+1,--- ,N—ka+k3 (y Xhl«3+1,"' kg +koy Z)) (lmk1+k3+1’ ybmags Iy 4ko 41
Iy Im, I

7jnN?lhk2+k3+1’ o 7th)
DI (jm(ﬁ,rz,... ;

. My 41, My ko .
77Ak1+k371mk1+k3+17"' aZ'mM)(y th3+17 hk3+k2 Z)(Tl, : 7]71N7rk1+17"' 7th))
’I“1:1 T2:1 "nk1+k3:1
Imk1+k3 Lhk:3+1 Lhk2+k3
— (X (T17T27"' ;rk1+k372mkl+k3+17"' ?ZTTLM)
ri=1rz=1 Thy+kg=1Tky+kg+1=1 Thy+ko+ks =1
_’n . .
y (Tla Tk Thy+ks+1 0" ark1+k2+k37jnkl+k2+17 e 7.771N)
~h
z (rkl"l‘l? © s Thitkss Thitks+1 777 s Thi+ko+ks» lhk2+k3+17 T ’th)
(21)
By comparing formulas (20) and (21), we essentially have
My, Mgy Mk +15" Mk +kg MNkq14+15" MNkq+ko . . . .
(X X 1,2+ k1,N—ko+1,- ,N—ko+ks (y th3+1,"' gt ko Z)> (ka1+k3+1’ ytmags Iy gk 110" ’J"N’lhk2+k3+1 e ’th)
o My, My . k3,M—k1+1,~~,M—k1+k2 . : :
- ((X Xy, g y) h17h2 hkg Rkg4+1, s Rkg kg (ka1+k3+1,'~- yUmary Ik ko107 7]nNalhk2+k3+1,"' 7th);
(22)
which is equivalent to
My, Mgy . ka,M—kl +1,--- ,M—kq1+k2o mi,ma- Mgy ;mk1+17"' sMgy +kg Nk +15 Nk +ko
(X X,y y) h1,h2, hks’hka-f—l’ “shkg kg Z2=x Xl 2 ,k1,N—ko+1,--- ,N—ko+ks (y th3+1, kg kg Z) 23)
This completes the proof.

O
Properties A.1-A.3 are formally easily comprehensible and provide great help for subsequent proofs, see Appendix B



APPENDIX B
ANALYSIS OF TW MODEL AND PROOFS OF THEOREMS 1-4

A. Analysis for TW Model

Let X € RI1x[2XXIN be an Nth-order tensor, then the proposed TW decomposition numerically establishes the element-
wise relationship as follows,

Rl R2 RN Ll L2
Xy, g, yiN) = D Y e > Iy Z <g1 71,01, 11,72)Ga(r2, 02,12, 73) - Gr(rhs ks ey hgr) -
ri=lro=1  ry=lli=1lo=1 Iny=1 24)
GN(rnyin, In,T1)C(1l1, lg, -+ ,ZN))v
where G, € REX X LexXBrga ] =1 2 ... N, and C € RE1x<L2xXLix-XLN are the corresponding N 4+ 1 TW factors.

Although model (24) is mathematically more intuitive, it is not suitable for practical computation and theoretical analysis.
Accordingly, we further provide the following tensor form of TW decomposition in the main text as

X =Gi X1 Gy x§ - x T Gy xR oq Gy xR (25)
which is given by only relying upon the wheel topology with tensor contractions. For more rigor, we supplement the proof.

Proof. According to formula (24), the proposed TW decomposition yields

Rl R2 RN Ll L2
X (1,09, i Z Z Z Z Z Z <g1 r1,01,01,72)Ga(r2, 02,12, 73) - - G (Thy ks iy Thog1) -+
ri=lro=1  rn=1l=1lo=1 Iy=1 (26)

Gn(rnyin, In,1)C(l1, Lo, - - JN))~

From Property A.l, we thus induce

Rl L2 RN Ll L2 LN
X(i1,19,--- ,in) = Z Z Z Z Z Z (91(7“17%,5177“2)92(7“2,2'27&,7“3)"'gk(Tmik,lk,T}cH)”'
ri=1rs=1 ry=111=11=1 In=1

gN(TN77;N7lN7T1)C(lllea T 7lN)>

Ri1  Rg Ry L1 Lo Ln Ry
=3 > N Y (g1(7“17ihll,?“z)gz(Tsz,1277“3)) Gy G, by T 1) -
ri=1 7‘3:1 ry=1 l1:1 12:1 lN:1 ro=1

gN(TN,iN,lN,Tl)C<ll,12, e ,ZN)>

Ri Rs Ry L1 Lo Ly
4 , . .
:E E E E E E ((glX1g2)(T17117117227l2aT3)"'gk(rk7lkylka7"k+1)'"
r1:1r3:1 TN:1l1:1l2:1 lN:].

gN(TNviNalN7T1)C(Zllea e alN)>

Ly Lo Ly Ry Rn
= Z Z Z (Z Z ((g1 Xéll" 2N 2gN 1)(T1,i17l1,"~ ,lN,17TN)gN(rN,@'N,ZN7r1))

l1=112=1 In=1 ri=lry=1

C(ll7l27"' 7ZN)>

Ly Lo Ln

=> > ((91 x4 Gy X e X G AN G ) (il i IC (I By )

Li=1lp=1 Iy=1
4 6 2k 2k+2 2N,1 24, 2N p\/- .
=(G1 X1 G2 X7 -+ G x7°F “X14" OGN X790 N C)(i1,d2, - ,in),
27

which naturally confirms X = Gy x1 Gy x§ ... x2F G, xf’“” qu Loy xfg 2N C. The proof is completed. O



B. Proof of Theorem 1

Theorem B.1 (Core-Centered Circular Invariance). Given an Nth-order tensor X € RIV2XXIN qnd jts TW decom-
position TW[{G.}}_,;C]. Assume that n = (nl,ng,- ,ny) is the circular reordering of vector (1,2,--- ,N), then the
core-centered invariance gives X" = TW[{Gn, }_,; C"].

Proof. Since TW[{Gx}_,;C] is the TW decomposition of tensor X € RI1*12X=XIn ' we have the k-contraction as follows,

X =G xi - xiF g xi o3 gy <o (28)
Similarly, when n = (ny,nso,--- ,ny) is obtained by circularly reordering vector (1,2, - - - ,N ), we firstly have
TW{Gn J=1:C"] = Gy X3 - X3 Gy X T2 50 Gy T IR O (29)
which is of size I,,, X I,, X+ - - X I, .. Furthermore, the (i, ,n,, - ,iny )-th element of TWH{(]M WG C"] can be analytically
expressed by
Tw[[{gnk };cv:ﬁ Enﬂ(inlvinzv T ainzv) = (gm lel o k gnk 2k+2 X?]X ! g"N X1,2, :?VN En)(inl ) in'zv e ainN)
2N,1 . 5
= Z Z Z (gTh ><411 ><14 gnw)(znu"' )C(nunzv"'vlﬂN))
71171 lngfl
R, Ruy  Luny Lny Loy
= Z Z Z Z Z (gn1 (Tnl ) Z”ﬂl b) lnl ) rn2)gn2 (rnz b inza l’l’Lz b) r’l’Lg)
=11, =11lp, lny=1

. gnk (Tnkaink,lnkarnkJrl) s

Gnn (Tm\n Inyslny Tn1)67" (lnl gy e 7lnN))

R1 Rz RN L1 L2 LN
= Z Z Z Z Z Z (gl(rl,ilallyr2)g2(r23i27l2ar3)
ri=1ro=1 rN=11011=11>=1 In=1

Gk (Thes ey Uy 1) - - -
G (i, vy 11)C (I Bz, )
= X(ihi%"' 7ZN)

= jn(inlaingv' T 7in1\7)a
(30)

where the fourth equation holds from the circularity of vector n. Thus, X" = TW[{G,, }\_,;C"] is clearly established.  [J

C. Proof of Theorem 2
Theorem B.2 (Core-Connected Invariance). Assume that the generalized TW decomposition of X € RI*I2xxIN g

X" = TW[{G,, 1 1,C"]] where n = (ny,no, -+ ,ny) is any vector that circularly shifts vector (1,2,--- , N). Let vector
e=(n1,ng, N, Nk—1,Nkt1, " ,N) (3 <k <N, k€Z), then

_ 35 4 b+ 1,N+2 1,34, ,N—k+2,N—k-+4

= Gy X3 C* %5 Gy X175 30 2k 8,2k—2 Ina i Xo(N k) 12,3,5, 0 2(N—k)+1,1 Inagr,omns GD

4 2(k—2 4 2(N—k
where gn27...7nk71 = gn2 Xl e Xl( ) gnk,l and gnk+1,»-- - gnk+1 Xl e Xl( ) gnN«

Proof. From the perspective of tensor dimension, since X" = TW[{Gn, 1 1: €], we easily have

yIUN

2(k—2
Grgmr s = Gy Xéll . Xl( ) G, | € REns X Iny X Ly X+ X Iy X Ly ><Rn,,€’ (32)
and
4 2(N—k R, XIn, XLy XX Iy XLy X Ry,
gnk+1,"' AN T gnk+1 Xq-oe Xl( ) gnz\r € R™k+1 k1 k1 N N t. (33)
According to the pre-given vector e = (n1,ng, N2, -+ ,Ng—1,Nk+1, - ,nN) (3 < k < N, k € Z), the corresponding tensor

contractions yield

G, X3¢ x4 Gy € REm XIny X Ry XL XX Ly XLy XX Loy X By XL X Ry (34)



Obviously, there are k¥ common modes between G,,, x3 ce X3 Gn, and G, oy s 1€ Rpyy Ly -+, L, _,, and Ry, . By
eliminating the £ modes, we can obtain

3 e 4 3,4,~ Jk+1,N+2 Ry, X1, XL, XX Ly~ XIn, XRp XTpo X XTIy,
Ony X1 C° X3 Gny X150 ok 3 k-0 Inaper my_y € RETITIM 20 N e T T2 Bl (35)
Similarly, there are N —k+2 common modes between the above-generated tensor Gy, x3C¢ x4G,,, x>5 kFLN+2 g
1mrarty, w ve-g n1 X10° X3Yn,, 13 2k—3,2k—2Yn2, nk_1
and Gp, .y, ny» 1€, Byyy Ly - -+, Ly, and Ry, . Again, all contractions along these modes lead to
e 4 S k+1,N+2 1,34, ,N—k+2,N —k+4
Gny X7 C° X3 Gy, ><1 3 - 2k—3,2k—2 Gnay mies Xo(N—k)+2,3,5,- 2(N—k)+1,1 Griyr, ns (36)

< k+1,N+2

L. . 3
which is of size I, X I, X Ip, X --- X Iy, , X I - X Ip,. Assume that T = G,,, X3 3 Ce X3 G, ><1 3 ok—3.2k—2

Ngt1
1,34, N—k+2,N—k+4
Ong,oe mims Xo(N - k) £2,3.5, 2(N—k)+1,1 Inisr, my» then the (s ingsfngs > ing_y>ingers o iny )-th element of T can

be correspondingly computed by
Ling Ly

ny nN
T(inlvinwingv"' vink—winkﬂ»"' ainN) = E E E E (gm r"ll?ZW«lV nlvrnz)gn2(rn277’n2alngvrn%)

Tny =1 Ty =1ln =1 Iny=1
: gnk (T’nk ) an 1) lnk ) TTLk+1 ) e

gTLN (T’I’LN7inN7lnNarn1)C}(ln1alnk7 e )l’I’LN))

Z Z Z Z Z Z ( Tlvilal1>r2)92(7"2,ig,lg,’/‘g)

ri=1ro=1 rN=111=11=

“Gr(Thy Tk, Uy Thg1) -+
Gn(rnyin, In,T1)C(l1, 12, - JN))

:X(i17i27”' 7’LN)

_’e . . . . . .
=& ('Lnlvlnkazngv' o lng 1y ngggy aZnN)a
37
which is definitely equivalent to 7 = X*, i.e.,
_ 3 50 4 Ck+1,N+2 1,34, ,N—k+2,N—k+4
=Gn, x1C° X350y, ><1 '3 2k—5,2k—2 nas mi Xo(N—k)+2,3,5,- 2(N—k)+1,1 Gnir, - (38)
The proof is completed. O

D. Proof of Theorem 3

Theorem B.3 (Tensor Subwheel Equation). Assume that the generalized TW decomposition of X € RI>12xxIn g
X" = TW[{Gn, N_,;C"], where n = (n1,ng,--- ,ny) is any vector that circularly shifts vector (1,2,--- ,N). Let vectors

=(N+1,N+2,1,2,--- N)and v = (2,4,--- ,2N,1,3,--- ;2N — 1), then there inherently exists the following two
tensor subwheel equations,

X<nN> = (GnN)(Q) (M;énN)[u;fi] (39
and

i'[l(lzN);O] = 6’[’(1:1\[);0] (N ;g (40)
where M, € R Xy Xy g X By XL g g (N +2)th-order subwheel tensor, which merges all TW factors but G, ;,
ie, Muny = Gy x4 x30 G, x32...x3N=2¢g x‘;’g AN CR and N# € RIni XLy X XIny XLy jo another
2N th-order subwheel tensor obtamed by only merging {G,, }k:v l.e., N;ﬁc =G, ><1 .. k Gn, X 2k+2 X?IX ! Gnn-
Proof. Since X" = TW[{Gy, }I_ 1;C"] is the TW decomposition of X" € Rm1 *Tn2X*Iny | the concrete contraction-based
expression can be given by

X" =Gy xt e x3 G, <P G X ?VNC . (41)

Following Theorem B.1, we rewrite its form of tensor k-contraction as follows,

v(nn,ni,ne, - nN_1) _ 4 6 2k+2 2k+4 2N,1 2,4, 2N Alny,ni,ma, - nAn—
Pnn,nine, - nn_1) =Gny X7 Gn, X3+ X7 + G, X2 + X3y Gy, X2l Clnn mine, oy 1)’ (42)

’4y )

which amounts to

¥ SN2, N 1) 4 6 2k+2 2k+4 2N,1 2,4, 2N >h
Xnmne, e mn-1) Gny X7 Gny X3 -+ X7 Gn, X7 “ X1 Onn_1 XN12 " N-1 c". 43)



Relying upon Property A.3, the relationship in (43) is further written as
Flmmnaesmn) = G oV va (Gu X G AN G AT EY. @)
According to Definition A.2, formula (44) can further be converted to the corresponding matrix product, i.e.,
Xcny> = (Gony)2) Moty uss)» (45)
3
1

where Mz, = G, X1 x38 G, x3FT2.. 32N =2g % g:::j:%\:l@” andu = (N+1,N+2,1,2,---, N) are required.
For another, the relationship in (41) is equivalent to

¥’ 4 2k 2k+2 2N,1 2,4, 2N 5
X" = (Gny X1 - XTE Gy xTHF2 X14" Gnn) X720 N C" (46)

)
)

Relying upon Property A.2, the above formula (46) directly allows
A= C oo Gy X X3 Gy xR G, (47)

whose corresponding matrix product can be similarly given as

X{(1:3);0) = €[(1:3);0) N vy, (48)
where Nisc = Gy, 1+ x3 G, x T2 531G, and v = (2,4,-++ ,2N,1,3,--+ ,2N — 1) are also accordingly required.
This completes the proof. O

E. Proof of Theorem 4
Theorem B.4. Assume that X = TW[{Gx}+_,;C]| with N ring factors G, € REx*IkxLixBit1 thepn

k+1
Rank(X () = Rank(X<ps) < Ly [[ R, k=1,2,---,N. (49)
i=k
Proof. According to Theorem B.3, we have the subwheel equations for all £k = 1,2,--- , N, as follows,
Xcr> = (Gr)2) (M) s3] (50)

where u = (N + 1, N +2,1,2,--- | N). Then, we can justify the following inequality,
Rank(X(k)) = Rank(X s ) < R.a.nk((Gk;)(z)) A Rank((M;,gk)[u;g,])
< Rank((G)(2))

< Iy ANRpLipRiq1 (51)
k+1

< Ly H R;.
i=k

The proof is completed. O



APPENDIX C
PROOF OF PROPOSITION 1

Before proving Proposition C.1, we need to provide a corollary of Theorem B.2. Such a corollary also explores a type
of generalized TW decomposition, in which the ring factor Gj, € R >k xLkxRii1 for Yk = 1,2,--- | N, can preferentially
contract with the core factor C € RE1xL2x--xLix--XLn without involving the tensor permutation.

A. Corollary of Theorem 2

Corollary C.1. Assume that the generalized TW decomposition of X € RIvxT2x-xIx jg xn — TW[{Gn, }szl;E"ﬂ, where n =
(n1,ne, - ,ny) is any vector that circularly shifts vector (1,2,--- | N). Let vectors e = (nq1, ng,Na,**+ ,Mg—1,Mk41, " s AN )
B<k<N, k€Z)andu=(1,2,3,n2+2,n3+2,- ;nN—n+1+ 2, "N-n42+ 3, - ,nn_1+ 3, ny + 3), then

R
De 3 ) 3,4, k+1,N+2 1,34, ,N—k+2 N—k+4
X = (Gny X5, O) X577 Gy X130 o 3.0522 Tnayes it Xo(N— k) 423,50 2 (N k) 41,1 Irnsrses ms (52)

2(k—2 2(N—k
where Gy . pu s = Gy X4 5352 G and Gy = Gy X b xR G

. : 37 4 T o3 lu k2 :
Proof. Compared with Theorem B.2, Corollary C.1 mainly replaces G, x§C¢ x5G,,, with (G,, x. , C)* <3Gy, . Accordingly,
the proof of Corollary C.1 can be simplified to prove

—_ .
(Gny X5, C)* X512 Gy = Gy X3 C° X5 G, - (53)

—
Firstly, the corresponding tensor contractions enable (G, x3 C)" x5T2 G to be of size Ry, X In, X Ryy X Ly, X -+ X

. . . . 3 e 4
L,y X Ly, X -+ X Ly X Ry, X I, X Ry, ,, which is consistent with that of G,,, x7 C® X3 G,, . Furthermore, the
—_—
. . 3 k+2
(Prysings Trgsbngs = sl 1y bngys = 5 b s T s fng » Ty, )-th element of (G, x5, C)* x37° G, can be formulated by
—_
3 u k+2 . .
((g’ﬂl an C) X3 gnk) (r’ﬂl yngy Tngs ln27 e ,lnk717lnk+17 e ,lnN>rnk,anaTnk+1)
Ln,,
—_
_ 3 u . .
- § : ((g’ﬂl X, C) )(rnulnurnza ln27 tot al’nk7 t >lnN>gnk (Tnkzlnk;lnkarnk_,_l)
Iy
Lnk
- E (gnl X7L1 C)(Tnl ) anarnza lnN77L1+27 e 1ZTLN7ZTL2? e 7lnN,n1+1)gnk, (TnkleI,kalnk7rnk+1)
Iy (54)
L"k,
o 3 . .
- § (gnl an C)(rnlalnlarnw llv R T alN)gnk (Tnkvlnkulnk7rnk+1)
p —— N —
Tk ni—1 N-n;
Ly, Ln,
= E g gnl (rnl ) inlalnl y Tng)c(lh ) lnl y alN)gnk (rnkvinka lnkvrnk+1)~
l l
ny tng ni—1 N—ny
. . . . 3 e 4 .
Likewisely, the (rr,,%n, 5 Ty lnos 5 lnge_ s g s > b s Trgs inges Tryy o, )-th element of G, <7 C¢ x5 G, can be given by
3 Ae 4 . .
(gn1 X3 C x3gnk)(rn1,zn1,rn2,ln2, T 7lnk71alnk+1a tot 7lnN7T1’L1€7’Lnkarnk+1)
Ly,
_ E 3 Ae . .
- (gnl ch )(rn17zn1arn2alnkvln2a"' 7lnk,13lnk+1a"' 7lnN)gnk(T’nkaan7lnkaT’n}H,l)
Iy
o L (55)
. . % .
- E gnl (rn1 yny s lnl ) Tnz)c (ln1 ) lnk ) ln27 Tty lnk—l ) l'nk+1’ T l'n«N)gnk (T’nk Iy lnk ) Tnk+1)
lny lng
Ly, L,
= g’nl (rnl ) inla lnl ) rng)c(lla T lnl y T lN)an (Tnk7ink) lnk7rnk+1)-
l l
ng tng ni—1 N—nq

. e (O 2B (w2 3 e 4 :
From formulas (54)-(55), there obviously exists (G,, X, C)* X537 Gn, = Gn, X7 C® X3 Gy, The proof is completed. O



B. Proof of Proposition 1

Proposition C.1. Let TW[{G).}}_,; C] be the TW decomposition of tensor X € RIV 12X XIN yphere G € RExXIex Lix Rictr
k=1,2,---,N, and C € RErxLaxeXLix-XLn - Agsume that for Yk, Ry, = Ry, + py and Lk =Ly —|—qk, where p, qi €N,
and denote thefactors G, C, Gy, and C by g(o) ]RRKXIRXL”R"“ C (0) ¢ RE1xLax X Lpx: XLy Q( € RExxIexLix Ritr

and CN) € RErxLax-xLix-XLn  Whep g ,i=1,2,3,4, and CY9), j =1,2,--- | N, are recursively defined by

| 5 (i-1)
(Gl(cl))(l) N [(Gko )(i) , k=12, N, (56)

9

and

) C(i—1)
(), = {(C " )@] , (57)

where 0 implies the all-zeros matrix with appropriate size, the factors Gy, k = 1,2,--- | N, and C satisfy X =TW[{G,}1_,;C].

Proof. To prove Proposition C.1, we also let g(o) Q(O) Gi € RExXIexLexRet1 and define g ,1=1,2,3,4, as follows,

. A (i—1)
(G5 = [(G’“ 0)<5—i>], F=1,2,,N. (58)
Therefore, G\ = G = G, € RE»*IxxLixRis1 Besides, we individually define Gy, € REs*1sxLixRitr py
~ Gy),.
(Gk)(3): |:( ]:))(3)]3 k:1a273N (59)
According to the contraction principle of TW decomposition, we naturally have
TWH{G 15 Cl = Go <t X3 Go <842 T Gy <1y R €, (60)
where factors G, € REkXTexLixRi1 | o = 1,2,---,N,and C € RL1xLax-xLix-XLn are defined by formulas (56)-(57).
Following Definition A.2, we firstly give
7 Aa @ 454 _ A\ T A (4)
G1 X102 =0;" x1Gy " =Foldj,... 6);3) ((Gl )[(4,1,2,3);1] (G2 )[(1,2 3,4);1])
Tr .
G(B)) (G(B))
=Foldj12... 6) (Gi (4) 2
(1,2, ,6);3] 0 0
(61)
- ~ABNT (A&B) T
= FOld[(LQ’... ,6);3] ((Gl )(4) (G2 )(1) + 0 0)
— AT A (3)
= Foldj1,2,- 6):3) ((Gl )[(4,1,2,3);1] (G2 ){(1,2,3,4);1})

-5 i gp
By combining the above formula (61) and transforming the contraction form, we further have

Gr x4 Gy x8Gs =GP x4 6 x6 Gy =GB x (9(3) x4 Q(4))

_ a0 4 ( A~ (4
=67 x1 Fold(12,.. 6);3] ( 2 [(4,1,2,3) 1] (Gd )[(1,2,3,4);1])
_ a0 4 A (2) (4
=0 Xy Foldjae, ( G2 4,1,2 3) 1) (GB )[(1,2,3,4);1])
_ (3)
= g{Y x{Foldj s, ([ <4> 30)<1>] .
= 7§3) Xil Foldj 2, ( 2 & + OTO)
_ A3) 4 A (3)
=0; Xy Foldjae ( 2) 4,1,2 3):1) (GS )[(1,2,3,4);1])

54 (5. 4140)
= 1 X1 Gy x§ 9(3)



where (G(S))[(4 12.3)1] ((AS}QQ))E4 1.2.3).) holds since the i, k = 1,2,---, N, mode is maintained without array-padding
from formula (58) Similar to formula7(62), we can directly induce
TWI{Gi 1€l = 617 xd Go x§ - 53 G2 V2 G AN G R (63)
Let vector u = (N, 1,2,--- ;N — 1). Then Theorem B.1 can rewrite equation (63) as
p - ~ _ ~ ~ —
(TWHG L1 C)" = GV X G173 Ga <o T2 G0 Oy IR (O (@)
which is equivalent to
~ — ol o jod ﬁ
(TW[[{gk};]cV:ﬁCﬂ)u =0n Xil G1 X? Go X? e 2k+2 Gr X2k+4 XfN ! GN_1 Xi;::?\fN )" (65)
Subsequently, we obtain
TW{Gi}al1iC) = Gi x1 Go x§ - x3F Gy x 3572 AN 2 Gy X Gy X T Y € (66)
By using a similar manner (i.e., adjusting the priority of tensor contraction), Corollary C.1 can establish
TW{Gih1i C) = G1 x4 Go x§ - x3F Go x3FF2 XN 2 Gy x?4 Gy X750 C
:g~1 X%QZ Xfli kg X2k+2 "XlN 2gN 1><14 gN Xié :?VNG(Nil)
=G x Gy x8 .. x2k g, ><2k+2 . ><1N 2G04 ><2N1 Gy ><24__ :?VNC*(l) (67)
=G X1 Go x§ o X3P G xR N2 gy T gy <P e
= TW[{Gx}i21:C]
=X.

Accordingly, X = TW[{Gy}2_,;C] holds. The proof is completed. O



APPENDIX D
PROOF OF THEOREM 5

A. Main Preliminaries
Given the unfolding matrix X1~ € ROXTT2 i et the compact SVD of X1~ be

X_.=[U U]ll® Ve =UZV' +UX. VS 6
<1>_[ 6} E VT_ + ee Ve (8)

where U € RI1*FiliE2 jpcludes the top R1L1 Ry left singular vectors, and U52€V2— implies the possible truncation error.
From the properties of the SVD, there exists
U'Ux V] =0, and TV ' =U'X_;.. (69)

Besides, the truncation error can be expressed as

LATIN , I
[Xc1s —USVT |, = |[UZV]], = |2, = > (X)), (70)
i=R1Li1Ro+1

where o;(-) represents the i-th singular value of matrix X<1~.

B. Proof of Theorem 5

Theorem D.1 (Approximation Error). Given an Nth-order tensor X € RV} 12X XIN qnd jts predefined TW-ranks. Assume
that the factors Gj, € RFExXIkxLixReir | — 1.2 ... N, and C € RIaxL2xXLexXLN qre generated by Algorithm 1 of
the main text. Then, the TW-format tensor, i.e., TW[{Gy }2_,;C], satisfies

Ry I A
LAY, I N1 | iy, LR H?;ll Lj
HX - TW[[{gk}kN:hC]]HF < Z 01'2 (X<1>) + Z Z 01'2 ((Mgé(l:kfl)>[(1:N+2);2])
i=R1LiRo+1 k=2 =L Ri41+1

(71)

RNINRq AH;V:ql L]'

+ Z o7 ((M¢(11N—1))[(1:N+2);3])’
i=Ln+1

where My = F°1d[(N+17N+271:N);3]((Gl)z;)x<1>)’ M1y = F°1d[z;2]((Gk)E1:4);2] (M;ﬁ(l:kfl))[(LNH);Q])’
k=2,3,---,N —1, and 0,(-) indicates the i-th singular value.

Proof. According to Algorithm 1 of the main text, the approximation error can be firstly computed as

| X = TW{Gr}1_i:CT| = HX<1> - (Gl)(2)(M¢1)[(N+17N+2,1:N);3]HF

= HX<1> —(G1)(2) ((M¢1)[(N+1,N+2,1:N);3] + (M) [(N+1,N+2,1:N);3] — (M¢1)[(N+1,N+2,1:N);3]) HF

< I X<1s = (G2 (M¢1)[(N+1,N+2,1:N);3]||F + H(Gq)(z) ((M;él)[(N+1,N+2,1:N);3] - (M;él)[(N+1,N+2,1:N);3]> HF (72)

11/\H£VZ2 I;

= Z o (Xca1s) + H(M;él)[(N+1,N+2,1:N);3] - (M;él)[(N+1,N+2,1:N);3]HF7
=Ry L1 Ra+1




where (M1)[(N41,N42,1:n);3] 1S given by (Gl)&)X<1>, and (Mz1)(n+1,N+2,1:N);3] denotes the approximation of
(M21)[(N+1,N+2,1:N);3] With N — 1 truncation errors. Furthermore, we easily have

H(M;«él)[(N+1,N+2 1:8):3) — (M1 (N +1,N+2,1:N);3] HF

= [[(Ma1)[(1:n+2); mH

= [ M) v 422 = (G2 e M) |

= ||(Ma1)((1:n+2)52) — (G2)[(1:4):2) (m (Msﬁ(h?))[z;z] - (M#liz))[z;?]) HF (73)
< (M) (v +2)2) — (G2)((1:4)52] (M;su:z))[z;g]HF + H(G2)[(1:4);2] ((M#lﬂ))[z;m - (M#li?))[z;z]) HF

RolIgA
N5 L;R1Ly

Z o7 <(M¢1)[(1 :N+2); ) + H M 2)){,, 2] (M¢(1:2))[Z;Q]HF
i=LoR3+1

where (M#l!?))[z;z] is given by (Gz)[T(M);Q] (M21)[(1:N+2);2)> and (M#l:g))[m] implies the approximation of (M_(1.2))

! . . . ;2]
with N — 2 truncation errors. Proceeding by induction, we certainly have

RpIpA
LATIN, I N-1 Mg TR Hf;ll Lj
X = TW{Gi }hin: Cl o < Z {(Xas) + Z o; ((M¢(1:k—1))[(1:N+2);2])
i=Ry1L1Ro+1 k=2 ’I::LkRk+1+1

(74)

RNINRAATTN S Ly

+ Z o7 ((Mi(l?Nfl))[(lanLQ);S])’
i=Ln+1

where M1 = Fold((vi1,n+2,1:8)3((G1) 5y X<1>) and My = Foldga (G 1y (Mz(in-1)) (1:n 2y B =
2,3,---, N — 1. The proof is then completed. O



APPENDIX E
PROOF OF THEOREM 6

A. Proof of Theorem 6

Theorem E.1 (Local Convergence). Let { £ ®) tten be the sequence generated by Algorithm 3 of the main text, then it globally
converges to a critical point (i.e., local minimum point) of ®(Z).

Proof. According to the finite length property (see [2, Theorem 1]), the sequence {Z®},cy can converge to the critical point
of ®(Z), since Lemmas E.1-E.4 are satisfied (see Appendix E-B). O

B. Proofs of lemmas 1-4
Before proving the following Lemmas E.1-E.4, we firstly rewrite the proposed TW-TC model as follows,

min ®() = h(2) + £(X) as)
where Z = (X,G1.n,C), h(Z) = 1/2||X — TW[{Gi}2_,; C]||%, and f(X) = o(X).
Lemma E.1. The ®(Z) is a Kurdyka-Lojasiewicz (KL) function.

Proof. Following [1], [2], since h(Z) is a polynomial function of N + 2 coupling variables, it is an obviously real-analytic
function. Regarding the f(X), since the constraint set onto {L : Pq(L) = Pq(F)} is semi-algebraic, the ¢(X) is a semi-
algebraic function resulting from that indicator functions of semi-algebraic sets are semi-algebraic functions. Thus, ®(Z), as
a finite sum of real-valued analytic and semi-algebraic functions, is a K& function. [

Lemma E.2. Let {Z(")},cy be the sequence generated by Algorithm 3 of the main text. Then, the sequence {®(ZM)} en
sufficiently decreases, i.e.,
B(21) = p(214) > 2+ — 203, (76)

1
where | 2+) — ZO|3 = XD — xO)2 4 0160 - 67 |F + [lctHD — O3,

Proof. Since the sequences {g}j)}teN, k=1,2,--- N, are generated by minimizing
1
12 = TWIGH 6. G0 i CONE + D16k — GOl k=1.2,-- N, @

each g,Ef“) is a minimizer of the optimization problem (77) in (¢ 4 1)-th iteration, thus leading to inequalities as follows,

X, G G €O) + D16 = G E < (.61 Gl ), k=120 N, 78)
Likewisely, the sequences {C(Y},cy and {X ( }ien are generated by respectively minimizing
1 1 P
S0 —TWIGHR sl + Zlie - ¢Vl (79)
and
1)
*IIX TWG{ ;¢ D] + ||X XD + (), (80)

thus C**1) and X**1) can respectively satisfy
N R N F I N ) 81

and
BAEED, GERD,CFD) 4 D) - B — ¥ < h( @, G, ) 4 f(a®). (82)

Especially, if ¢ € {t : t > 200 and mode(t, s) # 0}, then the equal sign in (81) is exactly established owing to C(**1) = C(®),
By eliminating the duplicates on the left and right, we can deduce

N
@@W)—ﬂzmﬂ>>gmﬁ“%wﬂ%@+§:§w$” G5 + Sl — eV

(83)

Y

p 1)

Sl — RO+ 3G — GO+ ) — o)
k=1

_ g”Z(tH) — ZW)2.



The proof is completed. O
Lemma E.3. Let {Z }teN be the sequence generated by Algorithm 3 of the main text. Then, there exists

[0B(ZED)|| 1 < (Lo + (N +2)p) |26+ — 20 5, (84)
where Lo is the sum of the Lipschitz constants of Og, ®(Z) and 0cP(Z2), i.e., Ly = Z,ivzl Lg, + Lc.

Proof. According to the proof of Lemma E.2, i.e., g}j“), k=1,2,---,N, CtD and XD are the minimum solutions,
thus we have f(X(+1)) = 0 for avoiding ®(Z) — oc. Especially, when ¢ > 200, the variable C tends to be relatively
stable, i.e., ||[C#HY) — CW)| p is sufficiently small. Thus, we assume that when ¢ € {t : ¢ > 200 and mode(t,s) # 0},
CY), j=t+4+2,t+3,---,t+s, can approximately share the first-order optimal condition of C(**1). According to the fact that
minimum solutions must satisfy the first-order optimal conditions, i.e., the sub-gradient equations of the objective function,
then for all ¢ € N, we always have

0 € dg h(X D, g gl o e®W) 4 p(¢ Y — g k=1,2,--- N,

0e ach( t) glt-i'l) C(t+1 )+p(c (t+1) C(t)) (85)

0e aXh(X(tJrl ’gﬁfj\‘/l)’c t+1)) + p(X(t+1) o X(t))
Based on the sub-differentiability property, i.e.,

3@(3(75-5-1)) :(an)(X(t+l)7g§f;\r]1)7 (t+1) ) dg, ® (X““),gﬁ;l%c(t“)),8g2¢(2((t+1>,g{’ffvl),c“m), ...

)

(86)
DGy ®(X D GUED ey gop(xt+D gl clt+D)y)
where - -
Ox®(X D gD Gy — gy p(x+D) gD o1y
0, DX, gD, €UV = 95, (X, gD, CHD), k= 1,2, N, (87)

8c<I>(X(t+1),gﬁ;l)’c(tﬂ)) = ach(;((t+1)7g§f;1)7c(t+1 ),

we have the triangle inequality as follows,

N
Ha@(z(tﬂ))”F < ZHagk X(t+1 glt+1 C(t+1))||F+H5’ch(X(t+1 g1t+1) C(t+1))||F+H8Xh(X(t+1) g(t+1 ’ (t+1))HF
k=1

Substitute into the first-order optimal condition (85), leading to

N
o Z(t+1) I S dc. h X(t-‘,—l)’g(i‘f‘i’l)’(j(t—&-l) -9, X(t) g(t+1 g 7C(t) _ g (t+1) g
(o 1:N G, 1 k+1:N P
k=1
+ [|aeh(A D GIED, ) — deh(X M, G, — p(e ) = eO)|| g + pll A — 20|

N
< S 1106, h(X D, G D) — g, n(x® g Gl eD)||p

N
+ 3 ol9 Y = G e + 1lach(X D GIRY, D) — deh(x D, G, D) g

+ D — €O 5+ D — 3O .
(88)

Since f =0 and h is a polynomial function of all factor tensors, ® is twice continuously differentiable. Moreover, as shown
in Lemma E .4, the sequence {Z(Y)},cy is bounded. By Lemma E.2, all iterates remain in the bounded level set

S:={2:9(2) <o(z")},

which is compact due to the continuity of ®. Since the Hessian of ® is continuous, it is bounded on the set S. Consequently, the
partial derivatives Jg, ®(Z), k = 1,..., N, and Oc®(Z) are Lipschitz continuous on the set .S, even if not globally. Therefore,
there exist positive constants Lg,, k =1,..., N, and L¢ such that

H@gkh()((tﬂ), g%tl—\&;}% C(t+1)) a h(X(t g(t+1 glg?.l;Nv C(t)) ||F
< Lgk H(X(t+1) - X(t)7 {gr(rtz+1) - gﬁrtL)}’{Vn=k+1? C(t+1) - C(t))HF? k= 17 27 e 7N
Hach( (t+1) g(t+1),c(t+1)) B ach(.)((t),gg;}l),c(t+1))”}w < LC||X(t+1) - X(t)HF.

)

(89)



Thus, a backsubstitution yields

N N

002 D) |p < 3 Lg, (XD — O {gUrh gV et —c)|p+ 37 pllG8 ) — Gk
k=1 k=1
+ L[| = X O 4 D — O 4 pl| XD — X

. (90)
< QLo+ Lo)| 2 = Z0)p + (N +2)p| 204D — 20|
k=1
= (L + (N +2)p)[| 20D — 20|,
where Lo = chvzl Lg, + L¢. The proof is completed. O
Lemma Ed4. Let {Z (t)}teN be the sequence generated by Algorithm 3 of the main text, then it is bounded.
Proof. Relying upon the optimal solution in Algorithm 3 of the main text, i.e.,
(E+DAN . p(t+1) (t)
™ " 1;C + pX
D — PQC( [{G, }kl_:_p [+p ) + Po(F), 1)

which requires that X' is forcibly projected into set {L£ : Pq(L) = Pq(F)}. Thus, the indicator function ¢(X) = 0, i.e.,
f(X) =01in (75). As shown in Algorithm 3 of the main text, the initial Z(*) = (X QSJ)\,,C(O)) is bounded, then ®(Z©)) is
bounded. According to Lemma E.2, the sequence {®(Z"))},cy decreases sufficiently, thus leading to 0 < ®(Z1)) < &(Z(0)),
ie, 0 < h(Z2W) < h(ZO) for Vt € N. Since the continuous function (Z) is proper and coercive, there exists || 2|/ — oo
if and only if h(Z) — oo. Obviously, the discrete points h(Z®) £ oo, thus | Z®M)||r A4 oo, ie., the sequence {ZM) ),y is
certainly bounded. O



APPENDIX F
NUMERICAL CONVERGENCE

To further investigate the influence of the adopted step-size schedule on the convergence behavior of the proposed TW-TC
model, we provide additional empirical analysis in Fig. 1. Specifically, we report the evolution of the objective function values
for several tensor completion models under a unified PAM framework, including TT-TC, TR-TC, FCTN-TC, Tucker-TC, and
the proposed TW-TC. The convergence experiments are performed on MSI Beers from the CAVE dataset. All hyper-parameter
settings are configured the same as the main manuscript, and the SRs are fixed at 0.1%, 0.5%, and 1%, respectively. As observed
from Fig. 1, all compared models exhibit strictly decreasing objective function values along the iterations, demonstrating stable
and monotone convergence behavior under the PAM framework. In particular, the proposed TW-TC model converges within a
relatively small number of iterations and rapidly reaches a stable plateau. Notably, although a step-size schedule is adopted for
updating the TW factor C after 200 iterations, no oscillation or degradation in convergence speed is observed. The objective
value continues to decrease smoothly and stabilizes shortly thereafter. This indicates that the adopted updating strategy does
not adversely affect either the convergence property or the convergence rate in practice.

Overall, the experimental results demonstrate that the intermittent updating strategy serves as a practical acceleration strategy
while preserving the convergence stability of the PAM framework. Moreover, compared with other tensor network-based
completion models under the same PAM optimization framework, TW-TC achieves competitive or faster empirical convergence
behavior, further validating the effectiveness of the proposed model and solver design.

100 T N 500§ T TrTC 1000 - TT-TC
R . TR-TC o | - TR-TC ° - TRTC
3 FCTN-TC || = 400 FCTN-TC =) FCTN-TC
g 8 - TuckerTc|| S - TuckerTC|| S 8°°g - Tucker-TC
S + TW-TC IS ¢ TW-TC 5 i . TW-TC
T 60 S 300 S 6001}
= = c
2 2 2
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© © °
2 2 2
Qo e} Ke)
O 20 ~ { O 100 O 200
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lteration lteration Iteration
(@) SR = 0.1% () SR = 0.5% () SR=1%

Fig. 1. Convergence curves of different tensor completion models on MSI Beers from the CAVE dataset under SRs (a) 0.1%, (b) 0.5%, and (c) 1%. Moreover,
the iterated numbers of all algorithms are forcibly set to 1000 for all cases without early termination.
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